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FREQUENCY RESPONSE FUNCTIONS AND COHERENCE FUNCTIONS
FOR MULTIPLE INPUT LINEAR SYSTEMS

1. INTRODUCTION YA vi

The main object of the subsequent discussion is the consideration
of multiple input linear system frequency response functions and
associated applications of coherence functions. Single input-single
output linear systems are first described and pertinent definitions
and formulas presented. These initial sections serve as an introduction
to the multiple input linear system material. The coherence function
for the single input-single output case is defined, and the behavior of
this function is found for situations where noise is occurring in either
or both the input and output measuring devices. This presentation
demonstrates that the coherence function is a useful parameter in
determining confidence limits for measurements of the gain factor
and the phase angle of a linear system frequency response furac;égﬁ.d'e

Multiple input linear systems with a single output are then’
discussed. Important formulas are given for power spectral density
functions, autocorrelation functions, frequency response functions, and
coherence functions in both the situation where the inputs are corre-
lated and the situation where the inputs are independent. The considera-
tion of the multiple input linear system case requires application of
multi-dimensional random process theory. Also, complex variable
multi-variate statistical analysis becomes extremely helpful here in
that several pertinent analogies may be drawn which lead to significant
results.

A central problem is that of the application of the coherence
function as a detector of other inputs not being considered when only a

single input and a single output are being measured. The system under




consideration is assumed to be a constant parameter linear system
with no noise occurring in the input or cutput measurements. It is
shown that the ordinary coherence function will take on values less
than unity when other inputs are occurring which are not being con-
sidered. Full knowledge of these other inputs for both correlated
and independent cases requires calculation of more complicated
partial coherence functions. The concept of partial coherence
functions is explained here from basic principles.

Finally, a numerical engineering example is worked through to
illustrate the various concepts and formulas develcped in the theory.
In the numerical example, both the case of correlated inputs and
independent inputs are computed for the two input-single output linear
system. It becomes immediately apparent that even in the simplest
cases, the amount of computation involved for this type of problem
is considerable so that a digital computer is an invaluable tool for

these problems.




2. PROPERTIES OF FREQUENCY RESPONSE FUNCTIONS

Consider a physically realizable linear system which does not

have any time varying parameters. The weighting function h(T)

associated with this system is defined as the response (i.e., the output
function) of the system to a unit impulse input function and is measured
as a function of time, T, from the moment of occurrence of the impulse
input. For physically realizable systems, it is necessary that h(t)=0
for T <0 since the response must follow the input. The usefulness of
the concept of the weighting function is due to the following fact: the
linear system is completely characterized by its weighting function in
the sense that given any arbitrary input x(t} known as a function of

time t for all t, the system output y(t) is determined by the equation

[0 0]
y(t) =f h(7) x(t - T) dT (1)
0

That is, the value of the output function, y(t), at time t is given as
a weighted linear (infinite) sum over the entire past history of the
input x(t). Note that Eq. (1) is a convolution integral.

If x(t) is an input to the system for only a finite fixed time T,

then

T
y(t) =f h(7)x(t- 1) dr (2)
0

If x(t) exists only for t >0, then

t
y(t) = f h(7) x(t-7) dT (3)
0




The linear system may alternatively be characterized by its

a
frequency response function H(f) which is defined as the Fourier

transform of h(r), namely,

oo

H(f) = f h(T) e
0

where f is measured in cycles per unit time. The lower limit is

-i2
jenfT dr (4)

zero instead of -0 since h(T) = 0 for T < 0. The replacement of the
weighting function with the frequency response function may be made
since there is a one-to-one correspondence between classes of suitably
restricted functions and their Fourier transforms. That is, two
different weighting functions will not give the same frequency response
function. The restrictions on h(T) are that h(t) and its derivative
h'(t) must be piecewise continuous on every finite interval (a,b), and
that |h('r)[ must be integrable on (-0, 00 ). It should be noted that the

frequency response function is a special case of the transfer function

of a system given by the Laplace transform of h(r) in which case
e-jZ“fT in Eq. (4) is replaced by e PT where p is a general
complex variable.

The frequency response function is of great interest since it
contains both amplitude magnification and phase shift information.
Since H(f) is complex valued, the complex exponential (polar)

notation may be used. That is,
j(f
H() = | H(o| S (5)

where lH(f)l is the absolute value of H(f) and ¢(f) the argument of
H(f). The absolute value, IH(f)l , measures the amplitude magnifi-
cation at frequency f{ when the input to the system is a sinusoid of

frequency f while ¢(f) gives the corresponding phase shift.

4




Certain symmetry properties are worthwhile to note, namely,

o0

H(£) = f h(t) 2™t 47 = H(-f) (6)
0

This relation gives
H(f) = | H(g] eI
H(-f) = |n(-p] JHD

which implies

|H(-0)] = | H(D)] (7)

and

o(-f) = -¢(f) (8)

Another important relationship for constant parameter linear
systems satisfying Eq. (1) is that given the input x(t), the weighting
function h(t), and output y(t), then their Fourier transforms satisfy

the simple product relation

Y(£) = H(f) X(f) (9)
This is a general result for convolution integrals like Eq. (1). It
follows that if one linear system described by Hl(f) is followed in

succession by another linear system Hz(f), then the over-all system

is described by H(f) where
H(f) = H,(f) H,(f) (10)

if there is no loading or feedback between the two systems. This
implies
l1@] = 11650 (11)
8() = ¢,(0) + (8 (12)

so that in cascaded linear systems without loading or feedback, the

amplification factors multiply and the phase shifts add.

5




3. RELATION TO POWER SPECTRA AND CROSS-POWER SPECTRA
Assume that x(t) is a representative member from a stationary
random process with zero mean value. Then the same properties are
true (see Ref. vr 1]) for the output y(t) of the linear system. A very
important relation then holds between the ordinary one-sided power
spectral density functions Gx(f), Gy(f), defined for f > 0, and the

frequency response function H(f). This relation is
2
G (f) = |HH| "G (9 (13)
y x

That is, at any given fixed frequency f, knowledge of two of the quan-
tities determines the third. Note, however, that the phase shift, ¢(f),
does not enter into this relationship.

However, one may verify (see Ref. [ 1]) that the complete
frequency response function is related to the input spectral density
Gx(f) and to the cross-power spectral density ny(f) {(between the

input and output). This simple (complex valued) formula is

ny(f) = H({) Gx(f) (14)

Rewriting in the complex exponential notation,

|G (f)|eje(f) - G_(6)|H(n]| SO
Xy x
which implies
|G, 0l= G o]nm] (15)
and
8(f) = ¢(f) (16)




Therefore, with knowledge of the input power spectra and the
cross-power spectra, the frequency response function is completely
determined both as to amplitude magnification and phase shift. Note
that several physical applications are immediately suggested. For
example, the simple and cross-power spectra for random inputs may
immediately be applied (if known either theoretically or experimentally)
to completely determine the constant parameter linear system in
terms of its frequency response function. Knowledge of the amplitude
magnification and phase shift of the system may then be applied to
various engineering problems such as specificiations writing for a
piece of equipment to be located on this system. Also, for example,
time delays occurring in a system may be determined with knowledge
of the phase shift which occurs. That is, phase shift (cycles) divided
by frequency (cycles/unit time) gives the time shift. One must
always bear in mind the assumptions being made when applying any
of the above formulas to physical problems. It must always be
remembered that the above results assume

1) a constant parameter linear system,

2) an input which is a stationary random process.




4. COHERENCE FUNCTIONS

Lo . 2
The coherence function is a real valued quantity v (f),

Xy
defined as
2
> la, (0]
f) = . AN
Yoy GG, (1) (17)

The coherence function may be thought of as the ratio of two estimates
of the square of the transfer function gain factor. To be specific,

consider Eq. (13) as giving one estimate

|5(n] ¢ - e (18)
1 G_(f)

and Eq. (15) as giving a second estimate

2
G (D)
|Hb) 2 - 2L — (19)

2
G_(f)

The hat () above the symbols is to indicate "estimate of'. If one

takes the ratio of these two estimates, the coherence function is then

obtained
A\ 2 2
la@l; o l7c @ " 20
12 ciina (9 ey
I L DG

One should note from these equations the absolute necessity of
satisfying underlying assumptions when applying various formulas.
The transfer function is an inherent property of a linear system, and
although Eqs. (13) and (15) give formulas for the transfer function

of a linear system under the proper conditions, they are not correct




formulas under other situations. This will be specifically shown in

the subsequent discussion.

The cross-power spectra may be shown to satisfy the inequality
la_ 1% < GG (1 (21)
xy R

Note that for a linear system, Eqs. (13) and (15) apply and may
be substituted into Eq. (17) which gives

la_ml?®  cZolnm|?
Vgl = — > =1
GG (0 G ®|rml G

Thus, the coherence function may be thought of as a measure of linear
relationship in the sense that the function attains a theoretical maxi-
mum of unity for all f in a linear system. Hence, if the coherence
function is less than unity, one possible cause is that there is not
complete linear dependence between input and output. However, the
reverse statement does not immediately follow. That is, the above
argument does not prove that if the system is nonlinear, the coherence

function necessarily is less than unity.




5. NOISE MEASUREMENTS OF FREQUENCY RESPONSE FUNCTIONS

The effect of additive noise on frequency response function
estimates will now be indicated. The coherence function plays a crucial
role in these considerations. Three cases are considered:

1) uncorrelated noise occurring in the input measuring device,

2) uncorrelated noise occurring in the output measuring device, and

3) uncorrelated noise occurring in both the input and output

measuring devices.
The third is clearly the most important and contains the other two as

special cases.

5.1 NOISE IN BOTH INPUT AND OUTPUT MEASURING DEVICES
For this case the measured input x(t) and measured output
y(t) are composed of the true signals u(t) and v(t) and noise com-

ponents n(t) and m(t), respectively.

u(t) v(t)
system y{t)

n(t) _—bé'}———)x(t) mlt)

The measured input and output are given by

x(t) = u(t) + n(t)

y(t) = v(t) + m(t) (23)
The spectral relations are
Gx(f) = Gu(f) + Gn(f)
Gy(f) = Gv(f) + Gm(f) (24)

ny(f) =G

10




The coherence function for this case is

2 2
la,_ ol la_ (0]

(f) = =
Yy G0 G () [Gu(f) + Gn(f)][Gv(f) + Gm<f)]

2
a0l

G (f) Gm(f) Gn(f) Gv(f) Gn(f) Gm(f)

G ()G () |1 + + +
u v G ()G (f) G ()G () G (DG ()
u v u v u v

| _ 1 <1 (25)

1+ (NI/GI) + (NZ/GZ) + (N1/G1)(N2/G2)

where

Z
n

Gn(f) G

G, (f)

Z
"

G_(9) G, = G (#)
This formula illustrates the behavior that would be expected when
reasoning from the two simpler cases, namely, as the instrument
noise to input and output signal ratio decreases, the coherence function
approaches unity.

Simple formulas directly relating the coherence function and gain
factor estimates to the true gain factor do not exist for this general
case as will be shown to exist for the special cases. However, certain

formulas are useful and are given below.

‘ny(f)l B | Guv(f)| IH(f)|

G () G (f) + G _(9) [1 + Gn(f)/Gu(f)]

[l , -

11




or
|16 = |}ﬁf)!2 { 1 +[Gn(f)/Gu(f)]) (26)
Also,
lc. 0 & clolawl® o
2 A2 y _ S G,
Y DHON = —=5 = = s =
XYy X Xy X
2
G “(£)
- ]H(f)lz “2
G_(f)
X
or
2
(£)
2 2 x A 2
|BO| "= v () =— |H(H) (27)
*y G:‘(f) | 1

5.2 NOISE IN INPUT MEASUREMENT ONLY
The special case of noise in the input measurement only corres-
ponds to N2 = Gm(f) = 0 which implies y(t) = v(t). The formula for
the coherence function given by Eq. (25) therefore becomes
2 1

(f) = <
Yy = T3 [a (/G (0]

(28)

This relationship shows clearly that any noise present in the input
measuring device reduces the coherence function to less than unity.
Also, as the input signal to measuring device noise ratio becomes
small, the coherence function becomes small. If the noise power
spectral density function is much less than the signal power spectral
density function, that is Gn(f) << Gu(f), then Eq. (28) may be put in

a simpler form, namely,

2 By - [c 51/G (0] (29)
Yy ™ n u

12




A
Equation (26) which relates [H(£)] to |H(f)]2 simplifies for

this case to
1

2
£
ny( )

N\
sl =8I, (30)

A\
Also, Eq. (27) relating lH(f)l to the first estimate, lH(f)l1 , may be

simplified by noting that

2 G (f) G (f)
u u
Y = = (3]_)
Xy G (f) + G _(f) G _(f)
u n X
The following result is then obtained.
ol = 20 —2— H@ol? -—— [dml? (32)
7 : (f)]2 ‘e
Yy ny( )

5.3 NOISE IN OUTPUT MEASUREMENT ONLY
The special case of noise in the output measurement only corres-

ponds to N_ = Gn(f) = 0 which implies x(t) = u(t). It follows that the

1
coherence function between x(t) and y(t) is given by the following

special case of Eq. (25)

G (f)
2 _ v N 1
1+{G_ (/G (f)

As in the first special case, if any noise is present, the coherence
function is strictly less than one, and is inversely proportional to the

output measuring device noise to true output signal ratio.

13




If Gn(f) << Gv(f), then

2
Yo (01 -[G (/G (0] (34)

The specialized relations analogous to Eqs. (30) and (32) are:

ol = il T v o (35)
rnl=Hm |, (36)

The above relation, Eq. (36), would appear to indicate that the
cross spectral estimate gives a direct measure of the gain factor.
However, it is pointed out in Section 6 that reduced statistical con-
fidence must be placed on the measurement when the coherence

function becomes less than unity.

14




6. CONFIDENCE LIMITS BASED ON COHERENCE FUNCTION

For the cases considered above, an estimate of the true frequency
response function may be obtained from the measured functions

ny(f) and Gx(f). Let the measured frequency response function be

Hh = =L [H(p] SO (37)

It is mentioned in Section 4.3 that although Eq. (36) apparently
gives a direct estimate of H(f), reduced statistical confidence must
be placed on the results. This is illustrated as follows. It has been

shown (Ref. [2]) that to a very close approximation,

N
- H(f
Prob ‘ HE) - HEO| o e and [é;(f) - ¢(f)\< €
H({)
k
1 - Y;‘ (f)
~ Y (38)
1-y2 (0 cos®e]
ny cos e
where k is the number of degrees of freedom (d.f.).
The number k is given by
k= 2BT = 2N (39)
m
B = bandwidth
T = total record length in time
N = total number of observations
m - maximum lag number in autocorrelation
estimate.
Equation (38) is displayed in Figure | which follows, with k as a

function of y: (f). Figure 1 gives three sets of curves, one set for
y

15
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DATA FOR FREQUENCY RESPONSE FUNCTION
MEASUREMENT CONFIDENCE
FIGURE 1
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P=.90,P= .85 and P= .80 when ¢ = .05 radians; one set when

e = .10 radians; and, one set when ¢ = .15 radians. Since sine ==¢
for these small values of ¢, the curves are satisfactory for a gain
factor accuracy of 5, 10, and 15 percent, and a phase angle accuracy
of .05, .10, and .15 radians which are approximately 2.9, 5.7, and
8.6 degrees.

The application of these curves to determine a sample size
necessary to measure a frequency response function with a desired
accuracy is somewhat limited at times. This is due to the fact that
the coherence function is not known in advance, and therefore must
be estimated. However, a conservative choice is usually in order.

In this case the above relations will be practical guidelines.

6.1 APPLICATION TO ITERATIVE DETERMINATION OF H(f)

A possible application of the coherence function is as follows.
Suppose a linear system is under consideration, and it is desired to
estimate the frequency response function with a known accuracy.
First, one would measure the coherence function by measuring the
input and output power spectra separately as'well as the input/output
cross-power spectra. Now, with a first estimate of the coherence
function, the approximate number of degrees of freedom needed to
measure the frequency response function to the accuracy desired
would be determined. Next, H(f) is estimated under these experi-
mental conditions. A new coherence function measurement would
now be available giving improved information and the process could
be repeated, continuing the iterations until desired results were

obtained.

17



6.2 NUMBER OF DEGREES-OF-FREEDOM FOR GIVEN
CONFIDENCE

A second application of Figure 1 is as follows. Suppose the
measuring instrument noise is known, or is estimated. Also, assume
that based on this knowledge and approximate expected power spectra
of the input and output, the coherence function of the system is
estimated to be YZ = 0.8. Now assume that a maximum 5 percent
error in the gain factor measurement with a corresponding maximum
three-degree error in the phase is considered acceptable when there
is a confidence of 90% of measuring these quantities that accurately.
That is, Y:fy(f) = .8, ¢ = .05, and P = .90. How many degrees of
freedom are needed for the measurements? Figure 1l is entered at
the yz = .8 value, and the intersection with the top curve corres-
ponding to P= .90 and € = .05 is noted. The value of k is then read
off the vertical scale which is approximately k=240. Therefore,
about 240 d.f. are needed to measure the frequency response
function under these given conditions.

6.3 ELIMINATION OF INSTRUMENT NOISE IN MEASUREMENTS

OF H(f)

As can be seen from the preceding analysis, the coherence
function is a useful quantity in the general consideration of frequency
response functions and their measurement. If the noise in the input/
output measuring equipment is known, then the frequency response
function can be properly determined. However, from the
formulas given, quite misleading and biased results could be
obtained if no attention is paid to measurement noise. For example,
assume one wants to experimentally determine in the laboratory the
frequency response function of a linear system. Assume the noise

in the output measuring device is known to be negligible, but the

18




input device noise is not. Then the formulas for Case 1 would apply.
First one must determine the input measuring device noise power
spectral density which should be approximately constant for most
situations. Then one must apply a stationary random input to the
system and determine the input and output power spectral density
functions. From knowledge of these quantities, Eqs. (18), (28),
and (32) could be applied to determine the gain factor as well as

knowledge of the uncertainty in its measurement.

19




7. MULTIPLE INPUT LINEAR SYSTEMS

The situation of a linear system responding to multiple inputs
will now be considered. It will be assumed that N inputs are
occurring with a single output being measured. It will be shown that
the coherence function plays an important role for this analysis. To
be specific, if it is assumed that the particular system between one
of the inputs and the output is linear constant parameter, and that
negligible measurement noise is present, then a low coherence
function between this input and the output will serve to indicate the
presence of other inputs which contribute to the output but are not

being considered.

7.1 MULTIPLE CORRELATION AND POWER SPECTRA RELATIONS

Consider a constant parameter linear system with N inputs
xi(t) ,1i=1,2,...,N and one measured output y(t). The assumption

will be made that the output may be considered as the sum of the

N outputs yi(t) ,1=1,2,...,N. That is
N
Y = 2y (40)
i=1

where Yi(t) is defined as that part of the output which is produced
by the ith input, x_l(t), when all the other inputs are zero. See

Figure 2.

20




y(t)

o o
xN(t) hN(t)

Figure 2. Block Diagram of Multiple Input Linear System

The function hi(T) is defined as the weighting function which is
associated with the input xi(t). Hence, yi(t), from Eq. (1), is given

by
[0 )

y.(t) = f h(T)x.(t-T)dT (41)
i i i
0
Also, the frequency response function is given by Eq. (4) and the
relation between Fourier transforms of the input and output is given
by Eq. (9), namely,
= 4
Y (f) = H () X, (1) (42)

The Fourier transform, Y(f), of the total output then is

N N
Y(f) = Z Y.(f) = LHi(f) X,(f) (43)
i=1 i=1

21




Assume next that the xi(t) are representatives from stationary

random processes with mean values m, , that is,
m; = E[xi(t)] (44)

Recalling that the expected value operator is linear, the expected

value of y(t) then is obtained as

y(t) Zf h('r)x(t—'r) dr

ZN Jeo)

= f h(T)E|x(t-T)|dT

=170 [ ! }
N [e's) N

= Z m, fhi(T) dr =ZmiHi(0) (45)
i=1 0 i=1

The autocorrelation function, Ryy(T)’ may also be computed.
Assuming that the process is stationary, one finds

R (1) =E[y()yiten)] - E[Zl yi(t)'JZyj(HT)]

[0 0]

QO
=L L;fo hyla) x{t - a) dafo h.(B)x,(t+7- ) 4B

Q0 0O

E Y. Z.L f hi(a)hj(ﬁ)E[Xi(t-a)xj(t+T-ﬁ)]da dp
1]

0

a 0o

N N
= Z Z[fh )h([3)R (a B+T) da dp (46)

i=1 j=1

e

22




In Eq. (46), Ri_j(T) is defined as

R, (7) = inxj(T) = E[xi(t) xj(t+T)] (47)

Equation (46) is a general result for correlated inputs.
If it is assumed that all the various inputs are mutually un-

correlated, and in addition all have zero means, then

Rii(T) when 1i=j

R, .(T) = (48)
1 0  when i#]

In this case Eq. (46) simplifies to

N o
RYY(T): iZ:l fo j(; hi(a)hi(ﬁ)Rii(a—ﬁ+T) da dp (49)

The power spectra relations will now be computed. For
stationary random processes the two-sided power spectral density
function S (f) which is defined for -0 < f <o is given as the
Fourier trz.isform of the correlation function Ry (r). Therefore,
the Fourier transform of Ryy(T) as given by Eq.y (46) will yield

the desired power spectral density function. Thus,

oo o'} 0w oo
N -jenfr B -jenfr j
Syy(f) = [me Ryy('r) dr = [ooe ; % fo Ohi(a)hj(ﬁ)Rij(a-[H'r) dadf | dr

(50)

The one-sided realizable power spectral density function

G (f)=2S (f) for £> 0, and is zero for < 0,
Yy Yy -

23




To simplify Eq. (50), one notes that the factor
e—jZn’f(a-ﬁ)ﬁjan(a-ﬁ)

— 1
-1

may be inserted, and the equation then

becomes
oo 00 [00]
s (H:=TY f f h(a) 2™ (8) e IEP R (a-pir) e ETHEPT) g ap ar
vy P 5 0o Jo & j ij

(51)

Now, the change of variable t=a-f+7T, dt = dr, is made and Eq. (51)

may be factored to give

[00] [0 0] [o0]
. j2nfa -j2mip f -j2mft
SYY(f)_§§'£ hi(a)e dafo hj(ﬁ)e dg ) Rij(t)e dt
N N
Z Z H (f)H(f)S (f) (52)

|I

i=l1 j=1
In Eq. (52), H::(f) represents the complex conjugate of Hi(f) and
Eq. (6) has been applied. Also, Sij(f) represents the cross-power
spectral density function between the inputs xi(t) and xj(t). That is,
Sij(f) = SXixj(f). In Eq. (52), realizable one-sided spectra ny(f)
and Gij(f) where 0 € f < o, can replace Syy(f) and Sij(f) since
the common factor of two cancels out. Equation (52) is a general
result for correlated inputs.

This equation may now be specialized to the uncorrelated and
zero means case where the autocorrelation function is given by Eq. (49).

With these assumptions, Eq. (52) becomes

N

OE ZlH(f)I S, (£) (53)
i=1
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where the fact has been employed that if z is a complex number then

o
b3

zz = |z |2 . One should note that the basic procedure used here for
obtaining the above spectral relations are exactly the same as used
in obtaining the single input/output relation given by Eq. (13).
Observe that one may replace S(f) with G(f) in Eq. (53) since the
factor of two will cancel. The relations given above in Egs. (52)
and (53) in fact represent the analogs to Eq. (13) with Eq. (53)

exhibiting the most similar form.

7.2 MULTIPLE CROSS-CORRELATION AND CROSS-POWER
SPECTRA RELATIONS

The cross-power spectral relation corresponding to Eq. (14)
is obtained in a similar manner. Here, one wants to calculate the

cross-power spectral density function Sx y(f) = Siy(f) of the output
i
y(t) with one of the inputs, say xi(t). The general result for

correlated inputs is

N
f) = £)S, .(f
Siy( ) =1HJ.( ) ij( ) (54)

J

This equation is derived in a manner similar to the simple spectra

formula as follows:

|
]
1
| Sy
(3]
=)
h
-4
s}
Y,
\<A
2
[«
_‘

5,,(0 =

N oo jo o]

Z f j e-jzwfah.(a) e-jZ'rrf('r-a) R (t-a) dadT
0 J 1)

j=1 -0

N
£} S, .(f
J};IHJ.()ijn
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where the fact has been employed that the cross-correlation function

NVie o
Ri(y) is given by

o' o)
Riy(T) = E[xi(t) y(t+'r)} = E xi(t) %4 xj(t+ T-0) hj(a) da

(o)
ijo hj(a) E[xi(t) xj(t+'r-a)] da

O

N
jgl'/(; hj(a) Rij(T -a) da (55)

If it is assumed that the inputs are independent and have zero

means, then Eq. (55) reduces to

oo
Riy(T) =f0 hi(a) Rii(T - a) da (56)
Hence, the cross spectral input/output formula given by Eq. (54)

becomes

Siy(f) = Hi(f) sii(f) (57)

This is a very interesting result since it implies that the frequency
response characteristics for the structural path associated with the

input, xi(t), can be measured by means of the cross-power spectra whether
or not the other inputs are active if the inputs are all statistically inde-
pendent. This result, in one sense, solves the problem of how to

measure the individual frequency response functions for the case of un-
correlated inputs. However, the confidence in the measurement is

determined by the coherence function as in Section 5.
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7.3 MATRIX FORMULATION OF RESULTS
The preceding formulas can be expressed more concisely by the
use of matrix notation and, in addition, some further results become

more readily apparent. First define an N-dimensional input vector

x(t) = [x,(8), %, (0, ..., % (0)] (58)

Also define an N-dimensional frequency response function vector

H(0) = [0, 50, ..., H (0] (59)

Next, define an N-dimensional cross-power spectrum vector of the

output y(t) with the inputs xi(t),
5,10 = [sly(f), G I sNy(f)] (60)
where

Siy(f) = Sxiy(f), i=1,2,...,N (61)

Finally, define the NxN matrix of cross-power spectra of all the

inputs xi(t) by

S“(f) SlZ(f) N SlN(f)
SZl(f)
Sxx(f) = . . (62)
L SNl(f) . . . SNN(f)J
where
sij(f) = Sxixj(f) , i,j=1,2,...,N (63)
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To illustrate the analogous relations to the one-dimensional

case, consider Eq. (13). This may be rewritten as

2 *
G (6) = |[H®O "G (0 = KOG (O H (1) (64)

b3
where H (f) indicates the complex conjugate of H(f). Equation (52)

may now be rewritten in matrix form as the quadratic form

&1
f) = H(f)S_ (f f 65
5,,(0) = HIOS_(HH (1) (65)

*1
where H (f) denotes the complex conjugate transpose matrix.

Writing out in full, Eq. (65) becomes

- —
5,0 8,0 .S (5
k

S, . (f) . H_(f)

) 21 2
5 (0 = [Hl(f), HL(D), ... ,HN(f)]
s. (6 . . . S (f)
N1 NN
_ J L

and the column vector on the right is the transposed complex conjugate

of H(f). That is

— % —1
H (£)

e
H)(£)

ue = . (66)

b3
N @)
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Note that Syy(f) is still a scalar quantity but the other quantities

are not. Equation (65) is also a proper representation of Eq. (53)
where the off-diagonal elements of the matrix Sxx(f) become zero

for independent inputs.

In Eq. (54), the system of equations for i=1,2,...,N may

be written as the matrix equation
1 - 1
S' (f) =S (£)H'() (67)

This is equivalent to

r~ -
sly(fﬂ S,,(0 5, ... S (07 rHl(f)‘w
Szy(f) s, () H,(£)
;SNy(f) J Usy® - - o Sn® J [[HG® _J

where the column vectors are the transposed row vectors of S_ (f)
and H(f). As before, Eq. (57) has its analogy when Sxx is a
diagonal matrix due to independent inputs.

The matrix equation (67) may be solved for the transposed
row vector H'(f) if Sxy(f) and Sxx(f) have been measured or are
known. This is, of course, a system of N simultaneous linear

equations whose solution is

' _ gl !
H'(f) = 5__(f) Sxy(f) (68)

where S—l(f) represents the inverse matrix to Sxx(f). Equation (68)
XX

gives each Hi(f) as a function of the input/output cross-power

spectra Siy(f) and the input/input cross-power spectra Si (f), and

holds whether or not the various inputs are correlated.
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The inverse matrix, S;;(f) is obtained by dividing the trans-
posed adjoint matrix of Sxx(f) by its determinant A. The adjoint
matrix of S (f) is the matrix obtained by substituting the cofactor
of the eleme’:: Sij(f), written cof Sij(f)’ for the element Sij(f)'

In equation form, this is

--1
[ K .. Cof £
S,,(0) 8,0 ... 8 ) Cof S (f) CofS, (f) . Cof S, (£)
s, (f) Cof § (1)

_ 1

=2 (69)
(S - - Syt (Cofs (D) . . . Cof S\ (1) ]

Methods for computing the various cofactors and the determinant A

are available in many references.

7.4 SPECIAL CASE OF TWO INPUTS
To explain the solution of Eq. (67) given by Eq. (68) for the

case of two input variables, assume a two input system as pictured in

the sketch below.

Yl(t)
xl(t) Hl(f)

y(t)

xZ(t)—————-—- Hz(f)

Yz(t)
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For this case, Eqs. (59) through (62) become

H(f) =[H ), H (f)]

Sxy(f)— Sly(f) S (f)

S, (f) = [

The matrix Eq. (67) is
S y(f) S, (f) S._(f) Hl(f)

Sy(f) S, . (f) S__(f) Hz(f)

and its solution is

Hl(f) Szz(f)/A -Slz(f)/A Sly(f)

Hz(f) 21(f)/A Sll(f)/A SZy(f)

where A is the determinant of Sxx(f) which is

2
A=S (58,0 -85 (0]

*
The quantity \Slz(f.)\2 is obtained by recalling that Slz(f) = S2
Now, the quantities Hl(f) and Hz(f) will be solved explicitly.

31

(70)

(71)

(72)

(73)

1(f).



The results are

szz(f)s1 (1) - 5),(0)S, ()

H (£) =
1
08,00 -[s ,0]°
(05, (£)
12
S, ()11 -
ly 22(f)Sly(f)
- (74)
2
s, 01 - v,
where
5,501
Vi) = g (75)
12 ll(f) SZZ(f)
Also, Hz(f) is given by
Sll(f) Szy(f) - SZl(f) Sly(f)
HZ(f) = >
DS, ls (0]
(05, ()
21
S5W|' - 5 @3, @
- (76)

52249 [ Y1z(f)]

Note that Hl(f) can be interpreted as the ratio of the cross-
power spectra, Sly(f)’ to the input spectra, Sll(f)’ both corrected by
factors which account for the correlation between the two inputs. In

the case of the denominator spectra, S, (f), the correction factor is

11
seen to be the coherence functmn between the two inputs x (t) and
xz(t). For the special case ylz(f) = 0, the equation reduces to the

ratio of the cross-power spectra to the ordinary spectra. This is the
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same as the case of independent inputs since ylzz(f) = 0 implies
2
|Slz(f)| = 0 and therefore S ,(f) =5, (f) = 0.
The case of ylz(f) = 1 must be handled separately since Eq. (74)
is not defined for this value of ylzz(f). When ylzz(f) =1,

2
5110 S,,(0) = 15,201

and the determinant A given by Eq. (73) is therefore zero. This
means that Eqs. (71) are not linearly independent and in fact one is

a linear combination of the other. This is to be expected, of course,
since a coherence function of unity implies complete linear dependence
between xl(t) and xz(t). Therefore one could consider a linear

system as existing between xl(t) and xz(t). See the sketch below.

H,t0) 4}-———-—-—!-Y(t)

\

H,(f)

The implication would be that the first input xl(t) was actually taking
two different paths to arrive as the output y(t). For this situation, a
single frequency response function relates y(t) to xl(t) as per

Eqgs. (1) and (9). The above results illustrate the interpretation of
the coherence function as giving a measure of linear relation in the
frequency domain.
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2
In a general case where ylz(f) # 0 or 1, the correction factor

for the cross-power spectrum, S_ (f), in the numerator of Eq. (74
P I q ’

1
is seen to be of a similar form to Yyfz(f) and may be interpreted in a
similar way. This point is discussed in Ref. [3] where it is shown

that if one assumes a stationary Gaussian process for the inputs

xl(t) and xz(t), then the numerator and denominator of Eq. (74)

are the cross-power spectrum and ordinary spectrum of a '"conditioned"
process. That is, if one has two processes xl(t) and xz(t) which are

correlated, then xz(t) may be used to '""predict" xl(t) by way of a

linear least squares regression equation

“Te) = kx(t
x, (t) = xz( ) (77)
where the constant k is determined from o-x , o‘x , and the corre-
2 1

lation coefficient Fx x by the relation

x x X, X X X

Kk = 1 r - 1 12 - 12 (78)
o xlx2 o'x o-x crx o_2
*2 2 172 x

2

The result in Eqs. (77) and (78) is derived later in Eq. (83). The
correlation coefficient I‘x is defined in Eq. (81). The function
A

xl(t), which is the linear 21 least squares prediction function for

xl(t), is called also the regression line for xl(t) on xZ(t).

Consider a new process consisting of the difference between

N\
xl(t) and its estimate xl(t), that is, the residual process defined by

Ax (8) = x, (1) - x/l\(t) (79)
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Then the denominator quantity

2
s,,.,0=5 ®1-v,0) (80)

is the spectrum of the residual process Axl(t) of Eq. (79), namely,
the process resulting from xl(t) after the linear least squares pre-
diction xﬁt) has been subtracted out from xl(t). This interpretation
is obtained by applying two-dimensional statistical analysis to the
""spectral" variables as will be explained shortly, and is analogous to
the later Eq. (84).

The "spectral' variable, X(f), where -oo < f < oo, is defined as

the Fourier transform of the observed variable x(t). Note that X(f)

is in general a complex number and therefore not physically observable.

It may be shown that the power spectral density function Sxx(f) is
determined by the variance of the spectral variable X(f) whereas
Uiz is the variance of the directly observable variable x(t). Then
yxy(f) is determined by the square of the correlation coefficient of
the observed variables x(t) and y(t).

In classical statistical analysis of real variables, the correlation

coefficient between two variables x and y with zero mean values

is defined as

E[xy] Cov[x.y] e (81)

er ) (E[xz] E[yz]) 172 = c'xrry (rx(ry

where Cov [x, y] = E [xy] = o-xy represents the covariance of x and
y, while L and o-Y are the variances of x and y, respectively.

Note that the square of I‘x is

Y
2
2
2 (COV [x, Y” ny
Iy ™ 2 2 T2 2 (82)
¥ c_ C c_ o
X vy Xy
The notation 0_2 =0 and 02 = ¢ will be sometimes employed.
x xx y
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If complex numbers X,Y are being considered as sometimes
occur in random process theory, the definitions above involving
expected values of products must have one variable replaced by its
complex conjugate. For instance, instead of xy one considers
XY* where Y* is the complex conjugate of Y. Therefore, for

complex variables, the square of the correlation coefficient becomes

2 . E[xy*| £[xy*] ) _ E[XY*]E[X*Y]
% glxx*] £[vv’] E[xx*]E[YY*}
[E XY*HZ “’XYlZ
=22 " 2 2 (83)
°x%y ’x%y

Observe now that if o-j is replaced with Sx(f), 0'; with Sy(f)’ and
the covariance ny with the cross-power spectral density function,
Sxy(f), then the coherence function has a form identical to that of

Eq. (83). To be specific

2 2
2 =[x Y(f)j’ *: _I_Eif)_l o4
xy E[x() X(f)*]E[Y(f) Y(6) | S, () 5 ()

One difference exists between Eq. (8l) and correlation
coefficients defined as a function of the time difference 7 for a
random process. For random processes, the correlation coefficient
is defined as

R_(7)
r (1) = Xy 72 (85)
[R_(OR_(0)]
xx Yy
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where the numerator ny('r) is the cross-correlation function at an
arbitrary T but the denominator factors are the autocorrelation
function values at 7=0 only.

If a normal distribution is assumed, the relation given by

Eq. (80) is the analogy of a standard statistical result

2

— 2 -
ik ol r*’-xy) (86)

where the spectral variables replace original variables. Equation

(86) says in words that the variance of the residuals about the linear
. o . . 2

least square regression line is the original variance, u'y , reduced

2
by the factor (1 - T' ).
y xy

The sketch below illustrates this idea.

original distribution
of y with variance o

~w— regression line

\ ;’J‘ distribution of the residuals

about regression line with
reduced variance 2
iy

yix
") .
——

original distribution of x
with variance - 2
x
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To derive Eq. (86), consider the two-dimensional normal

density function p(x,y) defined by the equation

(%, y) L exp|— S S aa | P
P\X,y) = - + 87
A/ 2 2
270 o 1-r° 2(1-T') \«o <y o’
Xy X y

The mean values of the one-dimensional distributions by and p

are assumed to be zero and Eq. (87) therefore is determined by the
three remaining parameters crf s cr; , and the correlation
coefficient I'= I’ . One now wants to compute the variance of y

given x denoted by o The conditional density of y given

ylx
x, plylx) is defined by

ply|x) = %)y_) (88)
where , 2
p(x) = exp | —= (89)

X

For the case at hand this is

1 exp ——12 ;_Y_ - F;i (90)
u’yVZ'n' \/1-1"2 2(1 -17) y x

Considering this as a distribution of a single random variable y

ply|x) =

when x is a constant, the expected value and variance may be calcu-

lated as
Jo o)
o
E(y|x) = j yplylx)dy = T j;Y- x (91)
-0 x
and

Var (y[x) = E(y7x) - EXy|x) = ¢

el -1%  (92)
yix y
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The regression line for y on x (passing through the origin
since the mean values Mo and p.y are assumed zero) is now obtained
by setting y equal to the expected value of Eq. (91), namely,

§ 2 E(y|x)x. This explains Eqs. (77) and (78). Then Eq. (92)
gives the variance about this regression line which explains Eq. (80).
It is worthwhile to note that Eq. (87) can be expressed in matrix

notation as

1 1 -1 ]
————— -—xP 1 93
plx) = exp[ L xPx (93)

where x is the two-dimensional vector

x = (x,y) (94)
and P is the covariance matrix
2
o T
x xy
P= 2 (95)
o i3
yx Y
with
o-yx = o—xy = E(xy) = I‘(rxtry (96)

The covariance matrix here is analogous to the cross-power spectra
matrix defined by Eq. (62). Also the definition for an n-dimensional
normal distribution is immediately obtained by Eq. (93), by just
letting the vector and matrix represent n-dimensional instead of two-
dinemsional quantities. The factor (1/2w) in Eq. (93) is actually
1/(211')n/z in general.

Just as the denominator of Eq. (74) is the ordinary spectrum of

the residuals, the numerator is the cross-power spectrum of the

residual process. In this sense, the quantity Sl?.(f) Szy(f)/SZZ(f)Sly(f)
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is analogous to the coherence function in that it is the factor necessary
to adjust the original cross spectrum Sly(f) to obtain the residual
cross spectrum.

To be more specific in this interpretation, one must make

further comparisons with classical regression analysis. However,

one must consider all three variables vy, X, and x,. Now, one
wants to calculate the covariance of the residual of y given x, with
the residual of x, given x5 when x, is not independent of X, -
First, note by Eqs. (77) and (78) that the residual Axl is defined by
o, )
172
Ax) = x, - 3 x, (97)
o
*2
Similarly, the residual Ay is defined by
(4
yx,
Ay =y - > x2 (98)
Tx
2
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Next, the covariance between Ax, and Ay, called the "partial

1

covariance,' is given in complex terms by

Cov[Axl,Ay] = E[(Axl)(AY)*]

o =
AxlAy
*
Tx, x ny
172 * 2 %
= E (x1 - . xz)(y- o x, )
2 2 272
¥ *
(g iy i T
" yx % x X * X X, yx, "
= E(x,y ) - o E(x1 xz) - - E(xzy ) + 0-2 E(xzx2
2 2 2" 2 X%,
Tx yo-x x Tx yUx x
2 12 2 12
=0xY- o =0_xYl-U g (99)
1 xzx2 1 Xy XZXZ
2 2
For symmetry, L and o have been denoted above by T x and
1 2 171
Tx x
272°

The numerator of Eq. (74) is now obtained directly by replacing

o-xly with Sly(f)’ crxlxz with Slz(f), UXZY with SZy(f)’ and o
with SZZ(f)' The accepted notation for o

2*2
is o .
A xlAy X7 %,
Therefore, one defines the numerator of Eq. (74) as the cross-
spectrum of the residual input process with the residual output,
namely
5,,(6)8, (0

12

=S (f -
S1y 20 750 5 @S @

(100)
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Analogous to the residual spectrum of the xl(t) variable given x_(t},

one has a residual spectrum of y(t) given xz(t). This is

S

2
S 1 -
yy-2 YY[ YZY}

2
s, |
=s |1-5—5— (101)
The above results and that for Sll* 2 given by Eq. (80) may

be obtained in a more general way by considering a matrix formu-

lation. Note that Eq. (80) may be written in the form
S,1.,0=8 (01 - v2 (0]=s,,(0) -5 B s tes. B (102)
11-2 11 12 11 1248552185,

Consider the cross-power spectrum matrix of Eq. (62) for
the three variables y(t), xl(t), and xz(t) partitioned as indicated

below where xz(t) is the quantity being interpreted as the predictor.

s s. . ts ]
yy yl | ye
i
S s, ! s
s = ly 11 12 (103)
XX t
........... |
1
S S, + S
_ 2y 21 1 "2z |

Now, let the 2x2 matrix in the upper left replace Sll(f) in Eq. (100),
let the 2x1 column vector in the upper right replace Slz(f), let its
complex conjugate transpose replace SZl(f)’ and let Szz(f) remain
unchanged. A matrix Sxx- 2 of partial cross-power spectra is then
defined analogous to Eq. (102) by the following matrix equation:
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S R4 yl vel & gt
xx'2 22 "y2’ 12
Sy Sn 512
(104)
- 2
|s S S
s - zz' s - st 21 |
Y Sy, vl 22
B 2
S.,S s, |
Siy ” ISZ : Si1 - &‘}2
. 22 22

In the above, S instead of S(f) has been written in the interest of
simplicity.

In classical statistics, one defines a squared "partial correlation
coefficient'" between residual variablesby replacing the ordinary co-
variance and variances in Eq. (82) with the residual covariance and

residual variances. Analogously, a partial coherence function can

be defined as

S, S S .S
, - 2y°12 s, - Xg 21
2 15, 2! 22 22
Y . = -
vz 52512 s 'z Is 12
Sey ” s2 511 ” s12
vy 22 22
S, S S .S
Is |21_ 2y_12 [, “yz~2l
ly S S

1y 22 501522

Syysll[l ) "zzy][l i Y122]

(105)
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The quantity yfy. 2(f) is interpreted as the coherence function
between the residuals of y(t) and xl(t) after the least squares pre-
diction from xZ(t) has been subtracted out. The partial correlation
coefficient in classical statistics may be interpreted as a correlation
coefficient between two variables when the effect of a third variable
has been removed so that the spurious correlations are suppressed.
The analogous interpretation may be applied to the partial coherence.
That is, a high ordinary coherence between two processes could
indicate a linear input/output relation between the two processes,
but in reality this may be a spurious relation due to the correlation
of the apparent input with another input variable. If the partial
coherence function is calculated, the more realistic low coherence
would be uncovered.

Alternately, the opposite effect may occur where the partial
coherence will be larger than the ordinary coherence. This occurs,
for example, when two separate inputs both pass through linear systems
and make up the single output. Then the partial coherence between
either input and the output is unity due to the linear relations, but the
ordinary coherence will be less than unity. This follows because each
input contributes to the output and this fact is not accounted for in the
computation of the ordinary coherence function between the output
and a single input. This case is illustrated by the numerical example
in the next section.

Consider the special case of Eq. (105) when the two inputs x

1
and x, are independent, that is Slz(f) = 0. A partial coherence
. 2 . .
function Yly° , is then given by
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2 _ ly
Yiy.2 s |z
2
s s
yy 11 5s,, 106
2
_ Ny
-—

Since ny. 2 is strictly a coherence function it must be bounded by
unity which implies

2
Yy

< -
gy 17 (107)

y

This is the result to be expected. Since the output y(t) is made up of
the sum of two outputs yl(t) and yz(t), it is natural to expect that a
large coherence between one of the inputs and the over-all output
necessarily implies that the contribution from the second input is
small, and therefore has small coherence with the over-all output.
These ideas will be illustrated with examples in Section 7. 5.

For more than two inputs the nature of the solution retains the
same form as in the two-input case. Also, similar basic interpretations
apply through analogies with more advanced multi-variate statistical

theory.
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7.5 APPLICATION OF COHERENCE FUNCTIONS

7.5.1 Case of Independent Inputs

The specific example of measuring one of the N inputs relative
to the output will now be discussed. Assume for this case that the N
inputs xl(t), xz(t), ceey xN(t) are statistically independent. Let
y(t} represent the output. Assume also for concreteness that it is
xl(t) and y(t) which are being measured. The system will be
assumed to be a linear constant parameter system, and it will be
assumed that the amount of noise in the input and output measuring
devices is negligible. Now suppose that the physically realizable
power spectra Gx (f) and Gx y(f) are measured or computed
from the amplitude time histories. The coherence function for this
case then becomes

2
, ool

Y )= G,(MG M

2
|1 (G (0]
N
G, (£) ZlHi(fHZGi(f)

i=1

|1, 0] G ()

[, 01260 + 1,012 6,0 6,0 +.. .+ B 0] G (0 G (0

- 1 (108)

2 2
+|H2(f)l G [H (0] Gy ()

1 ..
ERGIEERE |1, 0] 6, (0
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Therefore, if any of the inputs other than xl(t) are nonzero, their

power spectra will be nonzero and
2
Yly(f) <1 (109)

The amount by which the coherence function is less than unity
is seen to be dependent on the size of the square of the gain factors
of the frequency response functions associated with the other inputs
and the size of their power spectra, relative to the power spectra and
squared gain factor associated with the measured input. These factors
are, of course, the output power spectra corresponding to their
respective input power spectra. Therefore, the coherence function
has a useful application as a tool in detecting the presence of non-
measured inputs occurring in a system, along with giving some

indication of their effect on the output.

7.5.2 Case of Correlated Inputs

For simplicity, the case of two correlated inputs will be
considered in detail. More advanced arguments are needed to
develop the general case of N correlated inputs.

Let xl(t) and xz(t) be the two inputs and y(t) = yl(t) +y2(t)
be the output as considered in Section 7.4. Assume also that only
one input, say xl(t), and the output y(t) are being measured. The
one-sided power spectral density functions are Gx (f) = Gl(f)‘,

Gx (f) = GZ(f) for the inputs and Gy(f) for the outp111t. The
frequency response functions are Hl(f) and Hz(f).

The coherence function between xl(t) and y(t) is now computed
and it will be seen to be less than unity when a second input xZ(t) is
active. Since xl(t) and xz(t) are assumed to be correlated,

Eq. (54) is used for the cross-power spectrum and Eq. (52) applies

for the output power spectrum.
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The coherence function is given by

2
2
G
e L
Yyt = - (110)
ly Gl(f) Gy(f) 2 2
Gl(f) Z Z HfH.G..
i=1 J:]_ 1)1
W riting out in full, Eq. (108) becomes
[ 1 R, %k * * -
22 (g~ [H(0G (0 +H,i9G 0] [H(D G, (0 + H(0G (D]
ly

* * *
Gl(f)[H1 (£) Hl(f) Gl(f) + Hl(f) Hz(f) G1z(f) + Hz(f)Hl(f)GZI(f) + H2 (f)HZ(f)GZ(f)]

2.2 2 2 * | * *
) [1, ]G (0 +1H,0]%G 0] +[Hl(f)Gl(f)Hz(f)Glz(f)+Hl(f)G1(f)H2(f)G12(f)]

- 2 2 2 * * %
lHl(f)j G () +IH2(f)I G ()G, (f) +[H1(£)G1(f)H2(f)G12(f)+H1(f)G1(f)H2(f)G12(f)]
(111)

Now, the numerator of Eq. (111) is less than the denominator since the
only unequal factors are IHZ(f)IZIGIZ(f)lz and |H,(f) lZGl(f)GZ(f). For

these factors,

la,, 1% < G (06,0 (112)

since this is merely the statement that the coherence function between
the two inputs must be less than one. Hence the coherence function
ylzy(f) between the first input and the output must also be bounded by
unity.

Actually, of course, any true coherence function is less than
unity since it is analogous to a correlation coefficient which is

bounded by unity. The explicit form of the relation given by Eq. (111)
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is useful since it shows that the amount less than unity is determined
to a certain extent by the magnitude of the coherence between the two
inputs. That is, if the two inputs are linearly related, then the
coherence function between the output and either one of the inputs is
unity. However, if the coherence between the two inputs is small,
then the coherence between one input and the over-all output will tend
to become small. These ideas will be illustrated in the numerical

example which follows.

7.6 NUMERICAL EXAMPLE FOR THE CASE OF TWO INPUTS
AND ONE OUTPUT

A simplified numerical example will now be worked out to
illustrate the preceding formulas and ideas. The case of two inputs
and one output will be considered. Frequency response functions of
low pass filters have an extremely simple analytical form, and
therefore will be used for the example although no direct structural
analogy exists for this case. It will be assumed that both inputs
X, (t) and xZ(t) are white noise and therefore have constant power
spectral density functions. Two cases for the inputs will be con-

sidered:

Case 1: Uncorrelated Inputs

}\ The two inputs will be assumed to be uncorrelated for
all 7. Therefore, they have a cross-power spectral
r density function and coherence function identically

i zero for all frequencies.

: Case 2: Correlated Inputs

The inputs will be assumed to have a delta function for
a cross-correlation function at time Ty= 1.0 seconds.
Therefore, the cross-power spectra will be nonzero
and in turn the coherence between the inputs will be

nonzero.
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The following values will be assumed for a numerical example.

Assumed frequency response functions:

H(f)=—-——£——— , T. = .05 sec
1 1 + j2miT, 1
(113)
H(f)=———l———- , T2=.105ec
2 1 + j2niT,
Power spectra of inputs:
G“(f) = k1 = .02v2/cps
2 (114)
GZZ(f) = k2 = .0lv /cps
‘Cross-power spectrum of inputs:
Case 1: R =0, =
xlxz('r) GIZ(f) =0 (115)
Case 2: k., 6(t-1.) , T,.=1 sec
3 0 0
Rx < (1) =
172 0 , T#T

0

k3 = 0.8 klkZ (116)
-jZ1'rf'1'o
Glz(f) = k3 e

|G12(f)|= ky i 6(f) = -2miT

For concreteness in the subsequent computations, it will be
assumed that ten cycles per second is the frequency of interest and
therefore values of the various quantities will be calculated at the
point f = 10 cycles/second. The absolute value of the frequency

response functions will be of interest in the subsequent computations
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and also the real and imaginary parts. These quantities are given

by

2 1
lHi(f)|= 5 , i=1,2 (117)
1+ (Z'rrfTi)
1 2nfT,
H(f) = -3 - , i=1,2 (118)

1+ (2etT)® 7 1+ (2meT )
Referring to Eqs. (52) and (54) for correlated inputs, the output

power spectral density function and the cross-power spectral density

functions are given by

2 2
Gy =|H,1"G,, +|H,|"G,, + 2 Re[HlHZGlz] (119)

Gy = HGy *H G,

i=1,2 (120)
Note that the fact that the sum of a complex number and its complex
conjugate is equal to twice its real part has been used in obtaining
Eq. (119). Evaluating Eqs. (119) and (120) for the particular

example at hand, one obtains for Case 1 and Case 2 the following

results:

Case 1: Uncorrelated Inputs

k k

G ()= — 2 -
1+ (waTl) 1+ (21rfT2)
(121)
G (f) - ———_1:_1—_— . G (f) = _..._kg.__
ly'' T 14 jemiT, o2yt T 1+ jemiT,
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Case 2: Correlated Inputs

k k
G (f) = 1 + 2

1+ (21\'le)2 1+ (211'.-‘;'T2‘)2

]cos 21rf'ro+21rf[T -T ]sin wa'ro)

2
2k ([1+(21rf) TlT 1 2

3 2

[1+ (2nir )% [1+ (2neT ,)°]

-jenfT

k, k3 e 0
1
Gy = 13 jzafT] T T+ j2miT, (122)
ijf‘ro
k. e k
G, (f) = — + 2
2y T 1+ j2wiT 1+ j2miT,

Assume now that only the spectral relation given above have been
measured or are known by some other means, and that the form of
the frequency response function is not known. Also assume that the
frequency response function is to be estimated from the first input
x (t) and the output y(t) and that x (t) is not known to exist. If
one computes an estimate of the frequency response function H(f)
from the ratio of the cross-power spectrum to the input spectrum,

the results of the two cases are:

Case 1: Uncorrelated Inputs.

I;(\f)_ Gly(f) _ k) 1) _ 1 (123)
TG, (f) T 1 +j2niT [\ k, - 1+ j2miT,

11
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Case 2: Correlated Inputs
— -ijf‘ro
WM. by 1,18

Ci11 1+ _]Zﬂle kl (1 +j2-“-fT2)

(124)

However, the true frequency response function is given in either case

by Eq. (74) which is for this example

Gzz(f) Gly(f) - Glz(f) Gzy(f)

2
G, (DG, () - |G12(f)|

Hl(f) =

-j21rf'ro ijf’ro
k k,e -jewfr_ tk_ e k
k L + 3 -k, e 013 + 2
2 l+jZ1rfT1 1+j2-u'fT2 3 1+j21rfT1 1+j2.1rfT2
) 2
kikp oKy
2
kzk1 - k3
[1+j21rfT1]
1
- 2 1 +j2'n-:fT1 (125)

ki k, -k,

A similar result may be obtained for HZ(f).
As can be seen from the above, the correct result is obtained
for Case 1 when the inputs are uncorrelated, but a considerable error

is introduced in Case 2 for correlated inputs.



The relative error, €, for Case 2 is

-jewit

k3e 0

H -H 57 x

e oL - _ 1
H1 H1
-j2miT -jZirf-ro
j k
i _I___Iﬁ k3e i (1 +J21|'fT1) X
H, k| (T+j2miT,) k|

~ / 2
k3 1+ (Z-n'le)

= (126)

- / 2
k1 1+ (21rfT2)

If the above result, Eq. (126), is evaluated at £{=10 cps, the following

value is obtained.

Voo Vi m?
V.02

= 0.107
1+(2m)?

That is, there is approximately an 11% error in the measurement of
the frequency response function when the two inputs are correlated
and the effect of the second input is neglected.

Consider now the computation of the ordinary coherence function
between the first input and the output. The value of the coherence
function for the case of the independent inputs is obtained from
Eq. (108) while the coherence function for the case of correlated

inputs is obtained from Eq. (110) or Eq. (111).
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The results for this example are
Case 1: Uncorrelated Inputs

2
vly(f) = L (127)

R

1 +[211'sz] 2

Case 2: Correlated Inputs

|Hl|2c;i‘1 +|}41‘_)_|?‘|c;12|2 + 2 Re (H,G, HiG.,)

2 171172 %12
Y1y © 2 2 2 *
|H1I G, *|H,|" G|,G,, + 2 Re (H G H,G ,)
kl"‘ k32 .
+ +2Re (H.G. H.G. .)
1+(21rfT1)2 1+(21rfT2)2 171172712
= > (128)
K k k, .
— + +2Re (H G H,G )
L+(2mfT ) 1+(2n€T)
where
Re(H G. H.G..)=Re(H.G.. H G
e(H) G, | H,G,) = Re(H, G, H, G, )
Kk k [1+(21rf)2T T, |cos 2nfr, + 2nf[T -T |sin 2ntr
153 172 0 1772 0

(1+ [Zﬂle] %11 +[2wa2] 2

Later parts of this example require the coherence function between

the second input and the output also.
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These are given by

Case 1: Uncorrelated Inputs

2 1
Y2y= > (129)
k. \/1 +[zwa ]
1+l 2l —t 2
k) 1'+[2wa ]2
1
Case 2: Correlated Inputs
2.2 .2 2 *
2 |Hz| G, tH |G, +2Re[HlelH2Gzz]
Yoy * 2.2 2 * ]
|1,|"G3, +IH|%G, |G, +2Re[HlGl.zH.zC'zz
k, i, .
+ + ?.Re[H G.. H. G
1+(2wa2)2 1+(2wfT ) 19212 %2
- (130)
2 + 12 +2 R [H*G H. G ]
2 1 M2 Y22

1+(.>_Trf'r2)2 1+(2nfT )

where

Re[HlGuHZGzz] = Re [HTGleszz]

k,k

2
T, - j
oK3 [1+(21r£) Tsz]cos wa'ro + wa[ 1 TZ] sin 21rf1'0

(1 +[2wa1]2)(1 +[2wa2] 2)

These ordinary coherence functions are now evaluated at the
point f =10 cps. First, the following quantities will be calculated

which are useful for the remainder of the computations:

56




k1=Gll= .02, k2= GZZ= .01, k3=G12= .0113137
a =|H1|2 = L 5 = 09200
1+ (Z'n'le)
b =|H2|2 < 1 5 = .02470 (131)
1+ (2wfT.)
2
H, = a - jam = .09200 - j(.289026)
H, = b - jb2w = .02470 - j(.155195)
From Eq. (54) one obtains for correlated inputs,
G, = ak + bk, - _][ﬂ'a.kl + 1r2bk3]
= (.02)(.09200) + (.0113137)(.02470) - j(3.14159)[(.02)(.09200)
+ 2(.0113137)(.02470)]
= .00211945 - j(.00753636) (132)
G, = ak, + bk, - j[mak, + n2bi, |
, = (.0113137)(.09200) + (.01)(.02470) - j(3.14159)[ (.0113137)(.09200)
|
| + 2(.01)(.02470)]
|
} = .00128786 - j(.00482190) (133)
|
| From Eq. (52) one obtains for correlated inputs,
f
| - { *
ny = a.kl + bkz + Zk3 Re H1 HZ]
= (.02)(.09200) + (.01)(.02470) + (.0113137)(.0942558)
= .00315338 (134)
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where

%

2Re H H, = 2|ab+ (a'rr)(bZ-n-)]

z[(.o9200)(.oz470) + (.289026)(.155195)]
.0942558

The coherence functions then are as follows:

Case 1: Uncorrelated Inputs. From Eqs. (127) and (129),

2 1

Yiy T |, [OL]]-02470] ~ 882
.02 | .09200
(135)
2 1
Yay T L [:02] [209200 =118
.01/ {.02470
Case 2: Correlated Inputs. From Eqgs. (131) to (134),
lc |z 2 2
2 _ Ty (.00211945)° + (.00753636)" 971795
ly G“GYY (.02)(.00315338)
) (136)
2 16, 2 2
vZ - Y. _(.00128786)" + (.00482190)" 789924
2 = = .
y Glle (.01)(.00315338)

As a check on the above computations, the Case 2 coherence

functions may be calculated from Eqs. (128) and (130).

2 - (.09200)(.0004)+(.02470)(.000128) +(.02)(.0113137)(.0942558) -

) .971802
Y (.09200)(.0004)+(.02470)(0002) + (.02)(.0113137)(.0942558)
(137)
2 _ (.09200)(.000128) +(.02470)(.0001) +(.01)(.0113137)(.0942558) _ 789940

2y~ (.09200)(.0002) + (.02470)(.0001) +(.01)(.0113137)(.0942558)
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As can be seen for Case 1, Eq. (135), the input with the
greatest effect on the output has by far the largest coherence with
the output. That is, the input xl(t) has the greatest power spectra
and is also passing through a linear system with the largest gain
factor, and is therefore contributing by far the greatest amount to
the output y(t). For Case 2, Eq. (136), the case of correlated
inputs, there is not as large a difference as there is in the case of
uncorrelated inputs. This is to be expected, of course, since there
is a relatively large correlation between the two inputs to the system.
One should note that, depending upon which computing procedure was
used, a slightly different answer is obtained in Egqs. (136) and (137).
As a matter of fact, differences are obtained in the fifth decimal
place although six significant figures were maintained throughout the
computation. This suggests that the formulas used to compute the
quantities are not basically computationally stable, and therefore
many significant figures must be maintained throughout the course
of the computations in order to make sure of correct results.

The computation of the partial coherence functions for the two
cases will now be illustrated. These quantities may be calculated
from Eqs. (105) for Case 2, and from Eq. (106) for Case 1. One
should note here that the second line of Eq. (105) is basically an
unstable computational form. This is due to the factor (1 - Y;y) in
the denominator. If the quantity Yzzy is very close to 1, much
significance will be lost when the subtraction from 1 is performed
which will result in essentially dividing by zero. The righthand
portion of the first line of Eq. (105) will be used for the computations
in Case 2 below. The values for the partial coherence function for

the two cases are given below.
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Case 1: Uncorrelated Inputs. From Eq. (106},

Y
YZ .y _ _.882 _ ¢ (138)
ly-2  ,_. %2 1-.118

Y2y

Case 2: Correlated Inputs. From Eq. (105),

2 2
le, I“la,,| G. G .G
lG |z+ 2y 12 -2 Re |1y y2 721
2 22 22
Y =
ly-2 2 2
G, | G,
Gy~ "G G- "6
Yy 22 22
.0000612888 + (. 0000249093)(.000128) _ 400834033
) (.0001)
.0000249093 .000128
(.00315338 - 51 ).02 - =)
.0000047694 _ | o (139)
.0000047696
where
G. G .G k
1 2 12 _ 73
2 Re —Ll’—-——Gzz v ZRe[GlyGyz]

- (ﬂ%lél)z [(.0021 1945)(.00128786) +(.00753636)( .00482190)]

.0000884033

As expected, the values of the partial coherence function for
this particular example turn out to be unity. This is due to the fact
that true linear relations exist for this example and the only reason

the ordinary coherence functions were less than one is due to the fact
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that the second input obscures the result of the first. Additional
factors present in practical situations such as noise and system non-
linearities, in addition to unaccounted for inputs, will also tend to
maintain the value of the coherence function below unity. However,
for this idealized example, calculating the partial coherence has the
effect of subtracting out the effect of the second input, and therefore
the true linear relation is exposed as indicated by the ideal value

for the coherence function.

This particular situation cannot be expected to exist in general.
As a matter of fact, the opposite effect is just as likely to occur.
That is, the basic coherence function may be larger than it should be
due to the fact that, although no linear relation exists between the
one input being considered and the output, a second input is linearly
related to the output and happens to be highly correlated with the
first input. In this situation, the partial coherence function would
uncover this fact by having a much smaller value than the ordinary
coherence function.

It is to be observed that although a relatively simple example
was chosen, the computations are still quite involved and
numerous. This suggests that when the computations are being
performed on experimentally obtained data where several points of
the power spectral density functions are available, several specific
frequencies are of interest, and possibly more than two inputs exist,
that a digital computer will be an essential tool for use in the com-
putations. This becomes apparent when one considers the fact that
most equations essentially result from a system of simultaneous linear
equations. This implies that the amount of computation essentially
goes up as the square of the dimensionality of the problem. That is,
with twice as many inputs, there will be four times as many

computations.
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One important aspect of the over-all problem has been neglected
in the preceding discussion for the multiple input case. This is the
problem of statistical measurement uncertainties. That is, one should
account for the sampling distributions of the quantities being considered.
The result of these considerations leads to confidence intervals about
the various quantities of interest in the multiple input case, just as
gain factor and phase shift confidence intervals are given in Section 6
for the single input case.

This concludes the example.

7.7 EXAMPLE OF DETECTION OF SPURIOUS COHERENCY

The preceding example in Section 7.6 will now be modified to
illustrate the application of the partial coherence function in another
way. In Section 7.4 it was pointed out that

a) the partial coherence function could be greater than the

ordinary coherence function, or

b) the partial coherence function could be less than the ordinary

coherence function.
Case (a) was illustrated in Section 7.6, and Case (b) will now be
illustrated.

The situation where a too large ordinary coherence function can
occur is as follows. Suppose a signal xl(t) is being measured which
is believed to be an input to a linear system, but in reality contributes
nothing or very little to the output y(t) which is being measured.

If for some reason this signal happens to be highly correlated with a
second input xz(t) which actually contributes everything to the
measured output except for some measurement noise, then the signals
X, (t} and xZ(t) will have a large coherence which will result in a

large coherence between the first input xl(t) and the output y(t).

62




This would tend to indicate some linear relation existing between the
input xl(t) and the output y(t) which is in reality physically spurious.
That is, the input xl(t) has no cause and effect relation with the

output y(t). The sketch below illustrates this situation.

Yl(t) =0

x, (=" H,(f) =0 n(t), (noise)

PELES T

] ]
[ P )

y(t) =y, (t) + nt)

xz(t)———— HZ(f)

As indicated in the above sketch, the first input X, (t) contributes
nothing to the output. The first frequency response function Hl(f) is
shown to be identically zero to satisfy this situation. The second
input xz(t) is assumed to be actually passing through a linear system
and contributing almost everything to the output y(t). The only other
contribution to the output y(t) is assumed to be a small amount of
measurement noise denoted by n(t). This noise is assumed to be
statistically independent of both of the inputs and the output, and,
therefore incoherent with either input or the output.

The cross-correlation between the inputs xl(t) and xz(t) is
assumed to be the same as in the example of Section 7.6. Also, the
power spectra of the inputs and the frequency response function Hz(f)
is assumed to be the same as in the previous example. These
quantities are all listed below as is the assumed power spectra for the

measurement noise Gnn(f) .
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Assumed frequency response functions:

Hl(f) =0
H_(f) = — T = .10 (140)
27 "1+ jenT, 2~ v osec
Power spectra of inputs:
2
Gll(f) = k1 = .02v /cps
2
Gzz(f) = k2 = .0lv /cps (141)

2
Gnn(f) = k4 = .00001v /cps

Cross-power spectrum of inputs:

k,8(tr - 1)) . T =1 sec
*1%2 0 . T T
0
k3 = 0.8 k1k2
—j21rf1'0
G12(f) = k3 e

From the above data, the coherence function between the two
inputs is found to be
|G |2 0.8V k °
2 12 _ 172

12

11 722

The ordinary coherence function and the partial coherence function
between the first input X (t) and the output y(t) are now of interest.
The output power spectra and the cross-power spectra between the

inputs and the output are needed for these calculations, and are
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therefore given below. These quantities may be obtained from

Eqgs. (119) and (120) except that the noise power spectrum must be
added to the output power spectra. The noise power spectra has no effect
on the cross-power spectra, however, since it is assumed to be inde-

pendent of each of the inputs. The results for this example are

2

GYY |H2| G,, +G__

G, = H,G), (144)
Goy = H2G2

Evaluating these quantities at the point f = 10 cps,

G =Dbk, +k, =(.02470)(.01) + .00001 = . 0002570
vy 2 4

= H,k, = (.02470 - j [.155195])(.0113137)=.000279448 - j(. 00175583)

GZY = H,k, = (.02470 -j [- 155195])(. 01) = . 0002470 - j(. 00155195)

The ordinary coherence function between the first input and the output

then is
g, 12 2 2
2 ly _ (. 00279448) + (.00175583) _ .00000316103 _ 614986
Y1y'<}11crYY - (.02) (. 002570) - T 700000514000 °
(145)
An alternative computational method for a check is as follows.
2 2
YZ _IGly‘ _ IGlyl _ 1
ly " G,. G~ 2 - G. .G
11 "yy G11|H2| G22+G11Gnn _;+ 11 nr;
V12 IGlyl (146)
L . - = .615093
1 (.02)(.00001)  ~1.562500+.063271 -

.64 ,00000316103
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As can be seen from Eqs. (145) or (146), the value for the
coherence between the first input and the output, namely 0.615, is
almost the same as the coherence between the two inputs, 0. 64,

Eq. (143). However, the partial coherence function will now un-
cover the fact that this ordinary coherence function indicates a spurious
relation. When Eq. (139) is applied to this example, the value of the
partial coherence function, ley- 2(f), is found to be zero. These

calcylations are given below.

12 r

2
G, |G, | G, .G .G
‘G1y|2+ 2y _ 12 _ZR{ IXGXZ 21
5 ] G,, 22
1y 2 2
vy GZZ 11 G22
2 .2 2 * *
2 2 ]Hzl GzzlGlz| H,G,,H,G,,G ),
|=,%lG, ] - 2Re
2 12 2 G
G,, 22
- 2 2 2
2 |H2' G2 lGlzl
v |°c,,+c - ——LLilg, - —=—0
2 22 nn G,, 11 G,,
2 2 2 2
_ ZIHZI IGIZl 'Zlel lGlz
= > =0 (147)
G |G12|
Gnn 11 GZZ

Of course, a value of zero for the partial coherence function would
not be obtained in a real situation, although a very small value might be

obtained. However, this example immediately illustrates the application
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of the partial coherence function in uncovering this type of situation.

This concludes the example.

7.8 INFERENCES POSSIBLE FROM EXPERIMENTAL RESULTS

Consider the situation where one has measured some sort of
response variables, which are stationary random processes, on
three points of a structure. Assume for the present that no prior
engineering information is available so as to determine which of the
processes may be considered inputs or outputs associated with linear
systems. The problem is therefore to determine in some way, for
example, if two of the outputs may be considered as independent inputs
to linear systems whose outputs add to make up a third output.
Alternatively, it might be that two of the inputs are partly related and
one of them passes through a linear system whose output is the third
process. The application of the ideas of ordinary and partial coherence
functions to this type of problem will now be illustrated.

Let the three response variables be denoted by xl(t), xz(t), and
x3(t). Assume the possibility of existence of frequency response
functions Hl(f), HZ(f), and H3(f) relating the pairs [xl(t), x3(t)] ,
[xz(t), x3(t)] , and [xl(t), xz(t)] respectively. See Figure 3 below
which illustrates these conjectured relations along with coherence

functions between them.
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x,(t) 43,
y <
43,
<
2 2
1
A
x,(t) Y
N)d

Figure 3. Possible Relationships Between Three Variables

An object of an engineering examination of these three variables
%, (t), X.Z(t)’ and x3(t) might be to decide which way the arrows in the
above sketch should point and whether or not one or more of the frequency
response functions may be considered essentially zero. One should be
aware of the fact that, mathematically speaking, it is only meaningful
to calculate the degree of the linear relationships between the Fourier
transformed variables X1 (£), Xz(f), X3(f) (i.e., spectral variables).
The determination of the direction of the relation, that is, determining
which is the cause and which is the effect, is of physical rather than
direct mathematical significance.

Attaching a direction to the arrows in the sketch can in principle
be determined from an examination of the cross-correlation function
between the variables. If any significant peaks occur in the cross-
correlation function, these can be defined so that positive values for
the time delay, T, will be physically meaningful. For example, if

the cross-correlation function Rx < () has a peak at To = 1 sec.,
173
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then the direction of the system would be from x to Xy On the

other hand, if a peak of Rx x (T) occurred at To = -2 sec., then
the direction of travel 13 would be from x_ to ;. Note,

however, that this is only a physical requirement and that as far as
the mathematics is concerned, there is nothing wrong with negative
time delays.

Assume now that the power spectra, G G,.,, and cross-

11’ GZZ’ 33

power spectra, GIZ’ G13, G23, have been measured. The ordinary
cohérence and partial coherence functions may then be calculated from
Eq. (84) and Eq. (105), respectively. As a specific example,

assume the results are as follows.

2 2 2
YZ-_lc_}_IEI_.-oos YZ -I_G_lll___oso YZ_EZ..:_)’..‘_—050
12 GGy, 13 Gy,G;, 23 G,,G;,
2
2 - G\, 5] - 0.05
12°3 Gy,.3G;;.5 (148)
2
ve o= _l(_:'__1_3_2|_ = 0.98
132 G,.,G55.,
2
2 1G5 - 0.99
23°1 Gy, 16354

2 2
The fact that the ordinary coherence functions Yi3 and Y,3

are somewhat less than unity while the respective partial coherences
are approximately one implies that X and x, are both linearly
related to Xye The ordinary coherence functions being less than one
implies that the opposite input in each case is obscuring the true linear

relation, but when these effects are subtracted out to compute the partial
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coherence function, the true linear relations appear. Speaking in
terms of the Fourier transforms of the variables, one can visualize

these relations by considering X. as being compared with

1

X3 = XlHl + XZHZ for the ordinary coherence function. However, for

the partial coherence function between X  and X3, the effect due to

1

X2 is subtracted out. The comparison then is between Xl and

X3 - HZXZ = H1X1 indicating the direct linear relation. From these

results along with the fact that the coherence between X1 and X2 is

essentially zero, one can reasonably infer that Figure 4 represents the

physical situation. That is, X and x, are independent inputs to

linear systems whose outputs add and make up an output X5 - Note
that the values of the partial coherence functions are essential infor-
mation in making these decisions. In Figure 4, the Fourier transformed

variables are shown to more easily indicate the existing relations.

— H,

X
t

Yf2=0 X, = H X +HX
X

— Hz(f)

Figure 4. Possible System Diagram for Experimental
Results with Independent Inputs

It is conceivable, but not likely, that the arrows in Figure 4
could point the opposite direction. For this to occur it would mean that
somehow x, is broken up into independent components. Then these

3

components are passed through linear systems to obtain x) and x,.
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As mentioned before, the cross-correlation function would give infor-

mation to determine this fact.

As

being the proper system diagram,

for the frequency response functions Hl(f) and Hz(f).

suming Figure 4 is accepted as
Eq. (72) could be applied to solve

From these,

gain factors and phase shifts can be obtained.

A second possible set of experimental results might be the same

as given by Eqs. (148) except that the relations between xl(t) and

x_(t) are changed to
2
2
Y12

= 0.70 ,

(149)

The interpretation could now be made that a situation similar to

Figure 4 applies with certain modifications.

possibilities that might exist.

Figure 5 indicates

Xl H ()
,
Yy, = .73 X3—H1X1+H2X2+
Xs>—— H,(f) Coh(X, X,)
Portion of output
due to correlation
of inputs
Xl - Hl(f)
'/————‘noise added to X
3 1 X, = +
N—>€§ 3 2
Coh (X X))
12
__, H3(f) —bxz - Hz(f)

Figure 5.
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The coherence between the inputs could be thought of as due to

a linear relation between X1 and X2 which is partly obscured by

some independent noise. Here, the ordinary coherence function

between Xl and X for example, is based on the comparison

3 H

between X1 and X_ = HIX1 +H. X_ + COh(XIXZ)' When the effect

3 272
of X2 is subtracted out, both the HZXZ and Coh (XIXZ) terms
drop out leaving the comparison between X. and H X However,

1 171°
one does not necessarily need to think of some system connecting
X, and X, but can consider them just as correlated inputs passing

through two separate linear systems to make up x Again, as for

3
the previous example, the partial coherence functions which strongly
indicate the existence of the linear systems Hl(f) and Hz(f) are
important items of information. Note that in Figure 5, x, could
just as well be considered an input and x, an output depending on
the cross-correlation function. However, if these are just being
thought of as correlated inputs, which is considered as an input and
which is considered as an output would not make any difference.

Consider another possible set of experimentally obtained values.

2 2 2
=, =.98 = .75
Yy =73 Yy3= 7 Y23
2 2 2
- . = . = .02
Yyp.3 7 - 7° Yy3.2 =98 Y23.1 '

The large values for vy §3 and y123. 1 indicate a linear relation
between x; and x5 The value for y,; might indicate a linear

relation between x, and Xz However, the value for yg} 2

indicates this to be spurious and due instead to the fact that % and

x2 are correlated while in turn X, is related to x3.
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Figure 6 indicates possible causes for these data.

measurement

— Hl(f) noise component

1

X
1
2
Y12
!

=.75

, > H,(f)= 0

1 X3 = HIX1 + N1
H3(f)
NZ
noise
component 2

Figure 6. Linear System Example for Spurious Coherency

As before, whether or not a linear system represented by H3(f) is
assumed to exist might only be a matter of personal preference.

As the number of variables increases, the possible underlying
physical situations increase rapidly. It then becomes essential to
have prior engineering information so as to be able to eliminate a

large number of the possible variations. For example, if four

variables are involved, Figure 7 indicates the possible interrelations

that can exist.
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2 2
Y132 ¥13.24

¥34.12

x,(t) H, > x,(t)

v )
You' Y24.13

Figure 7. Possible Relationships Between Four Variables

Figure 7 shows that the number of frequency response functions
has jumped from three for the case of three variables to six. A

physical situation that might exist would be that X0 X5, and x_ are

3
independent inputs passing through linear systems H1 s HZ’ and H3
to make up x,. The basic reasoning procedures which apply to the

4
three variable case apply here. It will not be easy to eliminate

possible alternatives without additional physical information. However,
the cross-correlation function provides data to determine the direction
of the relations, while the relative values of the ordinary and partial
coherence functions provide additional valuable aids for the analysis

and determination of the underlying physical conditions.
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